Abstract. The notions of module pseudo-amenable and module pseudo-contractible Banach algebras are introduced. For a Banach algebra with bounded approximate identity, module pseudo-amenability and module approximate amenability are the same properties. It is given a complete characterization of module pseudo-amenability for a Banach algebra. For every inverse semigroup S with subsemigroup E of idempotents, necessary and sufficient conditions are obtained for the ℓ 1 (S) and its second dual to be ℓ 1 (E)-module pseudo-amenable.
introduction
Ghahramani and Zhang in [15] introduced two new notions of Johnson's amenablility without boundedness; pseudo-amenability and pseudo-contractibility. They compared these notions with some of those that were investigated earlier in [13] and [14] . They also studied pseudo-amenability and pseudo-contractibility of Banach algebras associated to locally compact groups such as group algebras, measure algebras and Segal algebras. Indeed, for a locally ompat group G, the group algebra L 1 (G) is pseudo-amenable if and only if G is amenable.
The concept of module amenability for a class of Banach algebras which is in fact a generalization of the amenability has been developed by Amini in [1] . He showed that for every inverse semigroup S with subsemigroup E of idempotents, the ℓ 1 (S)-module amenability of ℓ 1 (S) is equivalent to the amenability of S. This concept was modified in [3] and [5] , by using module homomorphisms between Banach algebras. In [22] , Pourmahmood and Bodaghi introduced the notions of module approximate amenability and contractibility of Banach algebras that are modules over another Banach algebra. They proved that ℓ 1 (S) is module approximately amenable (contractible) if and only if S is amenable (for the module character amenability and the permanent weak module amenability of inverse semigroup algebras refer to [6] and [8] , respectively).
In the current work, we define the concepts of module pseudo-amenability and module pseudocontractibility for Banach algebras. We characterize module approximately amenable in different way with [22] ; through vanishing of the first module cohomology groups H 1 A (A, X * * ) for certain Banach A-A-bimodules X. We also show that module pseudo-amenability of a Banach algebra is equivalent to existence of a module approximate morphism. It is proved that a module pseudoamenable Banach algebra is in fact module approximately amenable under a condition. It is shown that module pseudo-amenability of A * * implies module pseudo-amenability of A. As consequences,
we deduce that when ℓ 1 (E) acts on ℓ 1 (E) trivially from left and by multiplication from right, the semigroup algebra ℓ 1 (S) is ℓ 1 (E)-module pseudo-amenable if and only if S is amenable. Also, ℓ 1 (S) * * is module pseudo-amenable (with respect to the above actions) if and only if the maximal group homomorphic image G S = S/ ≈ is finite, where s ≈ t whenever δ s − δ t belongs to the closed linear span of the set {δ set − δ st : s, t ∈ S, e ∈ E}.
Notation and preliminary results
Let A be a Banach algebra, and let X be a Banach A-bimodule. A bounded (continuous) linear map
For each x ∈ X, the derivation ad
Hence D is approximately inner if it is in the closure of the set of inner derivations with respect to the strong operator topology on B(A), the space of bounded linear operators on A. The Banach algebra A is approximately amenable (contractible) if every bounded derivation D : A −→ X * (D : A −→ X) is approximately inner, for each Banach Abimodule X [13] , where X * denotes the first dual space of X which is a Banach A-bimodule in the canonical way. We use the qualifier w * when that convergence is in the appropriate weak * -topology.
Let A and A be Banach algebras such that A is a Banach A-bimodule with compatible actions as follows:
Let X be a left Banach A-module and a Banach A-bimodule with the following compatible actions:
Then we say that X is a left Banach A-A-module. Right Banach A-A-modules and (two-sided) Banach A-A-modules are defined similarly. If α · x = x · α for all α ∈ A and x ∈ X, then X is called a commutative left (right or two-sided) Banach A-A-module. If X is a (commutative) Banach A-A-module, then so is X * , where the actions of A and A on X * are defined as usual [1] .
Note that in general, A is not an A-A-module because A does not satisfy the compatibility condition a · (α · b) = (a · α) · b for α ∈ A, a, b ∈ A. But when A is a commutative A-module and acts on itself by multiplication from both sides, then it is also a Banach A-A-module.
Let A and A be as above and X be a Banach A-A-module. A (A-)module derivation is a bounded (continuous) map
and
Note that D : A −→ X is bounded if there exists M > 0 such that D(a) ≤ M a , for each a ∈ A. When X is commutative A-module, each x ∈ X defines a module derivation which is inner as follows:
Consider the module projective tensor product A ⊗ A A which is isomorphic to the quotient space (A ⊗A)/I A , where I A is the closed linear span of {a·α⊗b−a⊗α·b : α ∈ A, a, b ∈ A}. Also consider the closed ideal J A of A generated by elements of the form (a · α)b − a(α · b) for α ∈ A, a, b ∈ A. We shall denote I A and J A by I and J , respectively, if there is no risk of confusion. Then I and J are A-submodules and A-submodules of A ⊗A and A, respectively, and the quotients A ⊗ A A and A/J are A-modules and A-modules. Also, A/J is a Banach A-A-module when A acts on A/J canonically. Also, let ω A : A ⊗A −→ A be the product map, i.e., ω A (a ⊗ b) = ab, and let ω A : A ⊗ A A = (A ⊗A)/I −→ A/J be its induced product map, i.e., ω A (a ⊗ b + I) = ab + J .
Recall that a Banach algebra A is said to be module approximately amenable (contractible) if for any commutative Banach A-A-module X, every module derivation
2.1. Definition. A Banach algebra A is said to be module pseudo-amenable if there is a net { u j } in A ⊗ A A which is called a module approximate diagonal for A, so that ω A ( u j ) is an approximate identity of A/J and u j · a − a · u j → 0 for all a ∈ A 2.2. Definition. A Banach algebra A is called module pseudo-contractible if there is a net { u j } in A ⊗ A A, say module central approximate diagonal for A, such that u j · a = a · u j for all a ∈ A and u j .
Main results
Let A be a non-unital Banach algebra. Then A ♯ = A⊕C, the unitization of A, is a unital Banach algebra which contains A as a closed ideal. Let A be a Banach algebra and a Banach A-bimodule with compatible actions. Then A is a Banach algebra and a Banach A ♯ -bimodule with compatible actions in the obvious way, i.e., the action of A ♯ on A is as follows:
Let A be a Banach algebra and a Banach A-bimodule with compatible actions and let B = (A ⊕ A ♯ , •), where the multiplication " • " is defined through
Then with the following actions Proof. Since A is module pseudo-amenable, there is a module approximate diagonal
for every a ∈ A. Let D : A −→ X * be a bounded module derivation, where X is a A-pseudo-unital
is a bounded A-module map and Ψ ≤ D . For every a ∈ A we have
On the other hand,
Conversely, assume that A is module approximately amenable with bounded approximate identity, say (e i ). Corollary 3.6 of [22] shows that A is module approximately contractible as an A ♯ -module. Applying Theorem 3.4 of [22] , B has a module approximate diagonal {m j } as an A ♯ -module. We put m j as follows:
in which u j ∈ A ⊗ A ♯ A, v j , w j ∈ A and 1 is unit of A ♯ (we can also construct these nets by (e i )).
Now consider the following net
Let I be the index set for the net (e i ) and J be the index set for the nets (u j ), (v j ), and (w j ). We make the required net (n k ) by using an iterated limit construction (see [18, page 69]). Our indexing directed set is defined to be K = I × Π i∈I J, equipped with the product ordering, and for
It is easy to check that {n k } is module diagonal for A. This finishes the proof.
The corresponding result characterizing pseudo-contractibility of a Banach algebra which is obtained in [15, Theorem 2.4 ] is as follows.
3.3.
Theorem. Let A be a Banach A-module. Then the following statements are equivalent:
(ii) A is A ♯ -module pseudo-contractible and has identity;
In addition, if A is a left or right essential A-module, the above statements are equivalent with following statement:
and thus we can write
where u j ∈ A⊗ A ♯ A, a j , b j ∈ A, and λ j ∈ C. Then for every a ∈ A we have
and (3.5) 
. Set e l = lim i e i and e r = lim j f i . Then e l = e r = e is an identity for A. Therefore a j = −λ j e and b j = −λ j e. Using (3.4), we get
This means that the net ( U j ) j defined as above is the desired net.
(ii)⇒(iii) Let ( u j ) be module central approximate diagonal for A and e be its unit such that ω j ( u j ) → e. Similar to the proof of Theorem 2.4 ((ii)⇒(iii)) in [15] , we conclude that (iii) holds.
Now, let A be left or right essential A-module and (iv) hold. Since every A ♯ -module homomorphism is also an A-module homomorphism, (iv) implies (iii).
Conversely, let (iii) hold, and let X be a commutative Banach A-A-module and D : A −→ X be a A ♯ -module derivation. Since X become a Banach A-A ♯ -module and A is left (right) essential
A-module, D is a bounded derivation (see [22] ) and we have
for every a ∈ A, α ∈ A and λ ∈ C. Hence D is an A ♯ -module derivation which is inner. Therefore A is A-module contractible.
Consider the module projective tensor product A⊗ A ♯ A which is isomorphic to the quotient space (A⊗A)/ I A , where I A is the closed linear span of
♯ , a, b ∈ A}, and the closed ideal J A of A generated by elements of the form ( Proof. Let (e i ) be the central approximate identity for A. Given ε > 0 and finite set F ⊂ A, choose e i1 , e i2 ∈ (e i ) such that for every a ∈ F e i1 a − a < ε/2 and e i2 e i1 a − e i1 a < ε/2.
for all a ∈ A. Clearly, D is a A ♯ -module derivation. Our assumption implies that A is A ♯ -module approximately contractible ([22, Corollary 3.6]). Thus, there exists x = x(e i1 , e i2 , ε,
for all a ∈ A. This means that (U ) is a module central approximate diagonal for A. The rest of the proof is clear by repeating the above statements and using Corollary 3.6 in [22] .
In general case, J ·(A ⊗A) is not a subset of I and thus (A ⊗A)/I is not always an A/J -module. We say the Banach algebra A acts trivially on A from left (right) if there is a continuous linear functional f on A such that α · a = f (α)a (a · α = f (α)a), for each α ∈ A and a ∈ A (see also [2] ). The following lemma is proved in [7, Lemma 3.13].
3.5. Lemma. If A acts on A trivially from the left or right and A/J has a right bounded approximate identity, then for each α ∈ A and a ∈ A we have f (α)a − a · α ∈ J .
We note that if all conditions of Lemma 3.5 hold, then A/J is a commutative A-module. We now show that when A/J has a right bounded approximate identity, then (A ⊗A)/I is A/Jmodule if A acts on A trivially from left or right. For the case of the trivial left action, consider the following actions
For a, b, c ∈ A and α ∈ A, we have
Thus left action is well-defined. Similarly, one can show that the right action is also well-defined.
Proposition. Let A act trivially on A from left (or right ) such that each approximate identity of A/J is also an approximate identity for X. If A is A-module pseudo-amenable and X be a commutative Banach A-A-module, then (i) every continuous module derivation from A/J into X, is approximately inner. (ii) every continuous module derivation from
Proof. Let ( u j ) ⊆ A ⊗ A A be a module approximate diagonal for A and ( ω A ( u j )) be a right and left approximate identity for X.
For every a ∈ A, we have
Due to the continuity of D
for all a ∈ A. Since ω A ( u j ) is left approximate identity for X and approximate identity for A/J , by (3.7), we get
From (3.6), (3.8) and (3.9) we deduce that
Again by our assumption that ( ω A ( u j )) is right approximate identity for X, we conclude that
(ii) Let D : A −→ X * be a module derivation. Setting
It follows from the property of ( ω( u j )) that
for all a ∈ A.
The next consequence was proved in [15] , but the net (ξ α ) which is defined in its proof does not satisfy in the condition aξ α − ξ α a − D(a)π(u α ) → 0. We point out that this result can be deduced as a corollary of Proposition 3.6. Recall that the convex hull of a subset A of a normed space X, denoted by co(A), is the intersection of all convex sets in X that contains A. into X * * . By assumption, there exists a net (Φ j ) in X * * such that
Take ǫ > 0 and finite sets F ⊂ A, E ⊂ X * . Then there is a j such that
By Goldstien's Theorem, there is a x j ∈ X such that
Therefore there is a net (x j )j ∈ Γ ⊂ X so that D(a) = lim j (a · x j − x j · a) weakly in X. Now for each finite set F ⊂ A, say F = {a 1 , . . . , a k },
weakly in X n . Thus (D(a 1 ) , . . . , D(a k )) belongs to the weak closure of
By Mazur's Theorem, (D(a 1 ) , . . . , D(a k )) belongs to the norm closure of V . Hence, for each ǫ > 0, there is u F,ǫ ∈ co{x j } such that
The last inequality shows that A is module approximately amenable.
We denote by the first Arens product on A * * , the second dual of A. Here and subsequently, A * * is equipped with the first Arens product. Let X and Y be Banach A-modules and Banach A-modules. A net (T k ) of bounded maps from X into Y , satisfying
is said to be an module approximate morphism from X to Y . If Y is a dual Banach space, and we replace norm convergence by w * -convergence in (3.11) and (3.12) , we call (T k ) a module w * -approximate morphism. The following theorem is analogous to [24, Theorem 2.4] in the case of module pseudo-amenability. We include the proof.
3.11. Theorem. Let A ⊗ A A be commutative as an A-A-module. Consider the following conditions:
In addition, if A/J has a central approximate identity, then all assertions are equivalent.
Proof. (i) ⇒ (ii) Suppose that { u j } is a module approximate diagonal for A. Since A ⊗ A A is commutative A-module, the map S l : A/J −→ A ⊗ A A; a+ J → u j ·(a+ J ) satisfies the properties of condition (ii).
(ii) ⇒ (iii) The map T l , the dual of S l satisfies the conditions of assertions (iii). 
Note that module action A over A/J and the product in A/J coincide. Also, for each a ∈ A and f ∈ (A/J ) * , we get
Let E = Γ × Σ Γ be directed by the product ordering and for each p = (k, ( 
for all a ∈ A. Now, the same argument in the proof of Theorem 3.10 can be applied to show that A is module pseudo-amenable.
Recall that an inverse semigroup is a semigroup S such that for each s ∈ S there is a unique element s * ∈ S with ss * s = s and s * ss * = s * . Elements of the form s * s are called idempotents and the set of all idempotents is denoted by E S (or E).
Let S be a (discrete) inverse semigroup with with subsemigroup E of idempotents. We say that S is a semilattice if S is commutative and E S = S. It is easy to see that E a semilattice [17, Theorem 5.1.1] with the following order
In particular ℓ 1 (E) could be regarded as a subalgebra of ℓ 1 (S). Consequently, ℓ 1 (S) is a Banach algebra and a Banach ℓ 1 (E)-module with compatible actions [1] . Consider the actions of ℓ 1 (E) on ℓ 1 (S) as follows:
.
From now on, we assume that ℓ 1 (S) is a Banach bimodule over ℓ 1 (E) with the above actions.
Let the ideal J be the closed linear span of {δ set −δ st : s, t ∈ S, e ∈ E}. We consider an equivalence relation on S such that s ≈ t if and only if δ s − δ t ∈ J for all s, t ∈ S. It is shown in [20] that the quotient S/≈ is a discrete group (see also [2] ). Indeed, S/≈ is homomorphic to the maximal group homomorphic image G S [19] of S [21] . Moreover, S is amenable if and only if G S = S/≈ is amenable [9, 19] .
On should remember that a Banach algebra A is pseudo-amenable if there is a net (u j ) ⊂ A ⊗A,
To achieve our aim, we need the following lemma which is analogous to [4 Conversely, let N be the closed ideal of A * * generated by (F · δ e ) G − F (δ e · G), for F, G ∈ ℓ 1 (S) * * and e ∈ E. Similar to the proof of [2, Theorem 3.4] we can show that J ⊆ N ⊆ J ⊥⊥ . If ℓ 1 (S) * * is module pseudo-amenable, so is ℓ 1 (S) * * /N by Proposition 3.8. Going back to the case where A = ℓ 1 (S) * * , J = N and A = ℓ 1 (E) in Lemma 3.12. Then ℓ 1 (S) * * /N is pseudo-amenable.
The map θ : [15] shows that G S is finite.
We finish the paper by two examples. First we give an example for which A is module pseudoamenable but not pseudo-amenable. This example indicates that this new notion of amenability is different from the classical case. The second example shows that the semigroup algebra on the Brandt inverse semigroup is module pseudo-amenable (contractible) and pseudo-amenable but not pseudo-contractible.
3.14. Example. Let C be the bicyclic inverse semigroup generated by p and q, that is C = {p m q n : m, n ≥ 0}, (p m q n ) * = p n q m .
One can easily check that ss * s = s and s * ss * = s * . The set of idempotents of C is E C = {p n q n : n = 0, 1, ...} which is totally ordered with the following order
It is shown in [2] that C/ ≈ is isomorphic to the group of integers Z, hence C is amenable (see also [9] and [21] 3.15. Example. Let G be a group with identity e, and let I be a non-empty set. Then the Brandt inverse semigroup corresponding to G and I, denoted by S = M(G, I), is the collection of all I × I matrices (g) ij with g ∈ G in the (i, j) th place and 0 (zero) elsewhere and the I × I zero matrix 0.
Multiplication in S is given by the formula is not pseudo-contractible [11, Corollary 2.5]. It is well-known that in the case where S = M(G, I), we have G = G S . Since pseudo-amenability of ℓ 1 (S) is equivalent to the amenability of G [12] and G S is the trivial group [20] , two concepts of module pseudo-amenability and pseudo-amenability on ℓ 1 (S) coincide.
